In this paper, we give a necessary and sufficient condition that a locally biholomorphic mapping f on the unit ball B in a complex Hilbert space X is a biholomorphic convex mapping, which improves some results of Hamada and Kohr and solves the problem which is posed by Graham and Kohr. From this, we derive some sufficient conditions for biholomorphic convex mapping. We also introduce a linear operator in purpose to construct some concrete examples of biholomorphic convex mappings on B in Hilbert spaces. Moreover, we give some examples of biholomorphic convex mappings on B in Hilbert spaces.
Introduction
Suppose that X is a complex Hilbert space with inner product ·,· and norm · = √ ·,· , and G is a domain in X. A mapping f : G → X is said to be holomorphic on G, if for any z ∈ G, there exists a linear operator Df (z) : X → X such that 
for k 1.
A mapping f : G → X is said to be biholomorphic on G if f is holomorphic on G, f (G) is a domain, and the inverse f −1 exists and is holomorphic on f (G).
A mapping f : G → X is said to be locally biholomorphic on G, if for any z ∈ G, there exists a neighborhood U of z such that f | U is biholomorphic on U . Then f is locally biholomorphic on G if and only if its Fréchet derivative Df (z) has a bounded inverse at each z ∈ G.
The unit ball in X is B = {z ∈ X: z < 1}. Let m be a positive integer. Suppose that the set N m (B) denotes the class of all locally biholomorphic mappings f : B → X such that
A biholomorphic mapping f : B → X is said biholomorphic starlike mapping if tf (B) ⊂ f (B) for 0 t 1 with f (0) = 0. A biholomorphic mapping f : B → X is said biholomorphic convex mapping if
for all z 1 , z 2 ∈ B and 0 t 1. The class of all biholomorphic convex mappings on B with
, where I is the identity operator in X. Let
Gong [1] , Gong et al. [3] , Kikuchi [8] obtained a necessary and sufficient condition that a locally biholomorphic mapping was a biholomorphic convex mapping in C n . Hamada and Kohr [6, 7] extended it to Hilbert space X in the following.
Theorem A. (i) If f : B → X is a biholomorphic convex mapping, then
(ii) Let f : B → X be a locally biholomorphic mapping. Assume that, for any r with 0 < r < 1, there exists a constant M r > 0 such that
for x, y ∈ B r , where B r = {z ∈ X: z < r}, and
is a convex domain for any r with 0 < r < 1.
In [6, 7] , Hamada and Kohr obtained that f (B r ) was a convex domain for any r with 0 < r < 1. But they did not prove that f was a biholomorphic mapping on B in Theorem A(ii). Some characterizations of convexity for set in C n are given in [9] .
Graham and Kohr gave the following modification of Theorem A (see [4, Theorem 6.3.8]).
Theorem B. (i) If f : B → X is a biholomorphic convex mapping, then
(ii) Let f : B → X be a biholomorphic mapping. Assume that, for any r with 0 < r < 1, there exists a constant M r > 0 such that
In [4] , Graham and Kohr posed a problem whether the assumption (1.1) and the assumption that f be biholomorphic are essential in Theorem B(ii).
In this paper, we give a necessary and sufficient condition and some sufficient conditions that a locally biholomorphic mapping f on B is a biholomorphic convex mapping, which gives the answer to the above problem of Graham and Kohr that the assumption (1.1) and the assumption that f be biholomorphic are not essential. We also introduce a linear operator in purpose to construct some concrete examples of biholomorphic convex mappings on B in Hilbert spaces. From these, we give some examples of biholomorphic convex mappings on B in Hilbert spaces.
Main results

Theorem 1. Let f : B → X be a locally biholomorphic mapping. Then f is a biholomorphic convex mapping on B if and only if
for z ∈ B \ {0} and x ∈ X \ {0} with Re x, z = 0.
In order to derive our main results, we need the following lemmas. 
Lemma 2. Suppose that h : B → X is a holomorphic mapping with
Proof. Let z 0 = r and
Then we have
It implies that Re
Proof of Theorem 1. By Theorem B(i) (also see [7, Remark 2 .3]), we only need to prove that the condition (2.1) is sufficient for convexity.
If not, then by Lemma 1, there exists a point z 0 ∈ B \ {0} such that
. By Lemma 1, we obtain that ϕ is a biholomorphic starlike mapping on B.
From the growth theorem of biholomorphic starlike mapping on B in Hilbert space X (see [1, 10, 19] ), we have
If we let z = tz 0 z 0 for 0 < t < 1, then we have
According to Lemma 2, we obtain
for z ∈ B. Hence we have
This contradicts (2.1) for x = h(z 0 ) = 0. Hence Claim 1 holds.
Claim 2. f (B r )
is a convex domain in X for any r with 0 < r < 1, where B r = {z ∈ X: z < r}.
Let Ω r = f (B r ). Now we prove that Ω r is a convex domain. For this purpose, we let
where L(t, P , Q) = (1 − t)P + tQ (t ∈ [0, 1]) denotes the segment between P and Q. It is obvious that the set S is non-empty in Ω r × Ω r because f is a biholomorphic mapping on B from Claim 1.
Since 
, where S is denoted the closure of S, we obtain that P , Q ∈ Ω r and there are P n , Q n ∈ Ω r such that
If P = Q, using the fact that (1 − t)P n + tQ n ∈ Ω r for 0 t 1, n = 1, 2, . . . , and
(1 − t)P n + tQ n → (1 − t)P + tQ (n → +∞) for 0 t 1, then we have (1 − t)P + tQ ∈Ω r for 0 t 1. Let
3)
If there exists t 0 ∈ (0, 1) such that ψ (t 0 ) = 0, then from (2.1), (2.3), and (2.4), we obtain ψ (t 0 ) > 0 for v(t 0 ) = 0. Hence we have
So v(t) ∈ B r for 0 t 1, therefore, L([0, 1], P , Q) ⊂ Ω r . It follows (P , Q) ∈ S.
Hence S is a closed set in Ω r × Ω r . Since Ω r = f (B r ) is connected, then Ω r × Ω r is also connected. As S is both open and closed in Ω r × Ω r , we conclude that S = Ω r × Ω r . By the definition of S, we obtain that Ω r = f (B r ) is a convex domain in X. Hence it follows that f (z) is a biholomorphic convex mapping on B from the definition of biholomorphic convex mapping, and the proof is complete. 2 Remark 1. It is obvious that Theorem 1 improves Theorem A(ii) of Hamada and Kohr [6] mentioned in Section 1. And our proof is different from theirs. From this, we give the answer to the problem of Graham and Kohr mentioned in Section 1 that the assumption (1.1) and the assumption that f be biholomorphic are not essential in Theorem B(ii). Setting X = C n in Theorem 1, we also obtain Theorem 2 in [3] .
Corollary 1. Suppose that f : B → X is a locally biholomorphic mapping. If f satisfies
for z ∈ B \ {0} and x ∈ X with x = 1 and Re x, z = 0, then f is a biholomorphic convex mapping on B.
Remark 2. Hamada and Kohr [7] proved that f (B) was a convex set in X under the assumptions of Corollary 1, but they did not prove that f was a biholomorphic mapping on B.
Corollary 2. Suppose that f : B → X is a locally biholomorphic mapping with Df (z)−I c < 1 for each z ∈ B, where I is the identity operator in X. If f satisfies
for all x ∈ X with x = 1 and z ∈ B \ {0} such that Re x, z = 0, then f is a biholomorphic convex mapping on B.
Proof. Since Df (z) − I c < 1 for any z ∈ B, then we obtain that Df (z) = I − (I − Df (z)) is an invertible linear operator (see [18, p. 192 
]), and
Df (z)
According to the hypothesis of Corollary 2, for any x ∈ X with x = 1 and z ∈ B \ {0} such that Re x, z = 0, we have
By Corollary 1, we obtain that f is a biholomorphic convex mapping on B. This completes the proof. 2 Remark 3. It is not easy to construct concrete biholomorphic convex mappings on B in a Hilbert space X. Until a few years ago, we only know a few concrete examples about the biholomorphic convex mappings on B in Hilbert spaces. Roper and Suffridge [15] proved that:
is the class of all univalent convex functions from Δ = {z ∈ C: |z| < 1} into C with f (0) = 0, f (0) = 1, and
From this, we may construct a lot of concrete examples about the biholomorphic convex mappings on B. Gong and Liu [2] generalized Roper-Suffridge operator from C n to the finite-dimensional Banach space. Recently, we generalized Roper-Suffridge operator to Banach spaces in [13, 21] . Now we introduce a linear operator in purpose to construct some other concrete examples about the biholomorphic convex mappings on B in a Hilbert space X.
Let Δ = {z ∈ C: |z| < 1}, and
From Corollary 1, we have SK(B) ⊂ K(B), SK(Δ) ⊂ K and
Let m be a positive integer and dim X m 2. Then there exist For g 1 , g 2 , . . . , g m ∈ H (Δ), we define the operator Φ as ( u 1 ,u 2 ,...,u m (g 1 , g 2 , . . . , g m ) ∈ SK(B) if and only if g 1 , g 2 , . . . , g m ∈ SK(Δ). Φ u 1 ,u 2 ,...,u m (g 1 , g 2 , . . . , g m )(z), where g 1 , g 2 , . . . , g m ∈ H (Δ) are locally univalent functions on Δ. By some straightforward computations, we obtain
Proof. Let f (z) =
for z ∈ B and x ∈ X. Hence we have
, for every ξ ∈ Δ \ {0} and k fixed, we let z = ξu k and x = iξ u k , then Re x, z = Re{i|ξ | 2 } = 0 and z ∈ B \ {0}. Note that u j , u k = 0 (j = k), from (2.6), we obtain
(2) By a simple computation, we have
Then we have x 2 = a 2 (1 − r 2 ) + r 2 > 0, Re x, z = 0 and
Note that x, u j = 0 (j 3), from (2.6), we obtain
where u m (g 1 , g 2 , . . . , g m ), from (2.6), we obtain
for z ∈ B and x ∈ X. Fix x ∈ X, let x 0 = m j =1 x, u j u j , a simple computation yields
for j = 1, 2, . . . , m. This leads to x − x 0 , x 0 = 0. Hence we conclude that
From (2.7) and (2.8), we obtain
for all z ∈ B and x ∈ X with x = 1. Since X is a Hilbert space, by the result in [18, see p. 342], we have
It follows that f ∈ SK(B).
. . , g m ) ∈ SK(B). For every ξ ∈ Δ and k fixed (1 k m), we let z = ξu k and x = u k , then we have z ∈ B, z, u k = ξ and x = 1. Note that u j , u k = 0 (j = k) and u k = 1, from (2.6), we obtain
for ξ ∈ Δ. That is, g k ∈ SK(Δ) for k = 1, 2, . . . , m, and the proof is complete. 2
From Theorem 2, we have the following corollary, which is Theorems 3 and 4 in [20] for case p = 2. Part (2) was obtained by Roper and Suffridge [15, 16] using a different method. for all x ∈ X with x = 1 and z ∈ B such that Re x, z = 0. By Corollary 2, we conclude that f is a biholomorphic convex mapping on B.
Conversely, we shall prove that 0 < |a| 1/4 when f is a biholomorphic convex mapping on B.
If not, then |a| > 1/4. Let θ = arg a, x = ie −iθ u and z 0 = −re −iθ u for 
